Abstract. This paper proposes a color image coding method based on recurrent iterated function systems (RIFSs). To encode a set of multispectral images, we apply a RIFS to multiset data consisting of three images. In the proposed method, the mappings not only between blocks within an individual spectral image but also between blocks of different spectral images are performed with contraction constraint. Simulation results show that the fractal coding based on the RIFS is useful for encoding concurrently a set of images by describing the similarity existing between a pair of images. In addition, the proposed color coding method can be applied to subband images and moving image sequences consisting of a set of images having similar gray patterns.
Introduction
Since the idea of fractal image coding 1 was presented, various fractal image coding approaches to still and sequence images have been developed. The concept of fractal attractor represents natural images by a simple rule. Fractal image coding utilizes the self-similarity existing in an image. [2] [3] [4] [5] [6] [7] [8] The quality of images reconstructed by fractal coding algorithms depends on the way of describing the self-similarity. To represent the self-similarity, the transformation between two image blocks should be described. For color, subband, or sequence image coding, each of a set of images is treated as a component of an iterated function system ͑IFS͒ set, and each component is independently encoded by the conventional fractal coding method.
In the proposed method based on a recurrent IFS ͑RIFS͒, 9 a set of images is encoded at the same time, in which not only the intramapping defined between blocks of the same image but also the intermapping between blocks of different images is performed. If a similarity exists between any pair of images, the RIFS-based method uses that similarity by intermapping. Thus, the fractal coding method based on the RIFS is useful for encoding of color, subband, and sequence images that have the similarity across a set of images.
By computer simulation, we investigate characteristics of the RIFS-based coding method for multispectral images such as RGB and YC b C r color images. Also, the IFS-based fractal coding algorithm is independently applied to each of multispectral images, and its performance is compared with that of the proposed algorithm based on the RIFS.
In Section 2, the IFS and RIFS are described. In Section 3, implementation of the proposed RIFS and other fractal methods for color image coding is presented. In Section 4, the simulation results are shown and the performance of the proposed method based on the RIFS is discussed. Finally, in Section 5, a conclusion is given.
Recurrent Iterated Function Systems
The RIFS treats a set of images that consist of different images as a single image vector and defines the intermapping between any pair of different images.
Iterated Function Systems
The IFS consists of a set of contraction mappings w k . A transformation w k :X→X for 1рkрK, defined in a complete metric space (X,h), satisfies
where X and h denote the space and its corresponding metric, respectively, and K denotes the total number of contraction mappings. The mapping w k is referred to as contractive with contractivity s k , where 0рs k Ͻ1. 1 The finite set W of contraction mappings w k given by
generates a unique attractor A such that 
Recurrent Iterated Function Systems
Let us consider the IFS defined between two images. We can simply encode each image independently by the IFS, W j , jϭ1,2, as shown in Fig. 1͑a͒ . Also, as shown in Fig.  1͑b͒ , the IFS between two images can be generated. Figure  1͑a͒ describes the intrasimilarity within an image, whereas Fig. 1͑b͒ describes the intersimilarity between two images.
Note that the quality of images reconstructed by the IFS depends on the way of describing the similarity. Thus, if an image has more similar patterns of gray surface, the description by the intrasimilarity is better than that by the intersimilarity. However, if two images are more similar in terms of gray surface, the descriptions by the IFS are closer to the original images in the IFS defined between the two images.
In multispectral images such as RGB color images, each image has three domain pools: R, G, and B images. Each of the multispectral images has the intersimilarity as well as the intrasimilarity. The intersimilarity between images is an important property for construction of the RIFS. In fact, multispectral images have the similarity across different spectral images in terms of gray surface pattern.
The RIFS W:H→H for an n-tuple of nonempty subsets (B 1 ,...,B n ) is defined by
where
Here H i is the set of nonempty compact subsets of the complete metric space X i with its associated Hausdorff metric h i . Each W i j :H j →H i of the RIFS W is given by
where W i j represents the mapping from B j to B i . For i ϭ j, W i j represents the intramapping defined in the conventional IFS. The contractivity s of the RIFS W is given by the maximum of the contractivities of the w i jk .
9
The set (B 1 ,...,B n ), consisting of several different spectra, is considered as a single image vector in the proposed RIFS. This image vector has two kinds of similar gray ͑or spectral͒ patterns within a given image: the conventional self-similarity defined within the given image and the spectral similarity that describes the relationship between a pair of different spectral images. The proposed fractal coding method based on the RIFS supports the idea that each spectrum of a color image has similar gray patterns and utilizes that similarity by intermapping.
Fractal Coding Methods for Color Images
There are several possible implementations to encode multispectral images based on the RIFS. In this section, the proposed RIFS and other fractal methods are considered for encoding of RGB and YC b C r color images.
The simplest one applies the IFS separately to each component of multispectral images. This method treats each of the multispectral images as a single independent image. It is the simplest case of the RIFS, and it does not make use of the redundancy existing among different spectral images. In coding of color images, the correlation among three spectra is an important and basic characteristic; thus this method is not efficient.
Another possible approach can be applied to sequence image coding. 8 Instead of three 2-D fractal mappings, it employs a single 3-D fractal mapping by considering the image set as a 3-D volume represented by the spatial coordinates (x,y) and spectral coordinate (c). Since it deals with a large number of pixels in a volume, it must use more parameters to guarantee satisfactory quality of reconstructed images.
Zhang and Pu 10 used the same domain address for three different images and treated the pixel as a vector consisting of red, green, and blue elements. The scaling factor and luminance value are calculated for each spectral image. This method also can be considered as a special case of the RIFS, and it uses the correlation among three spectra by vectorizing.
In the case of the proposed fractal coding based on the RIFS, three mappings are defined for three components of the RGB color image. For example, the corresponding domain block of a range block of the red component is first searched within the red domain pool, which is a reduced version of a red image. Then, the green and blue components are used as the second and third domain pools. The domain pool that yields the minimum distance error among three domain pools is selected as an address of the corresponding domain block. For example, Figure 2 shows all possible intra-and intermappings for encoding of RGB color images.
Simulation Results and Discussion
The 512ϫ512 ''Lena'' and ''Barbara'' images uniformly quantized to 24 bits were used as test images. The performance of the proposed method based on the RIFS is compared with that of the fractal coding method based on the IFS and of Zhang and Pu's method. 10 To compare the performance of the IFS-based method and proposed RIFSbased method, the same contractive functions are used. Thus the simulation results show the properties of the intramapping, intra-and intermappings, and vectorizing. To apply the principle of the IFS, Jacquin introduced the block-coding technique based on iterated contractive image transformations. The image transformations consist of geometric and massic parts. In our implementation, average values of domain blocks are used as the spatial contraction operator, and the block mapping C k defined by
is used for the massic parts, 4 where r k and d k represent the kth range block and its corresponding domain block of each spectrum plane, respectively. The constant ␣ k is the scaling factor quantized to five bits. The symbols r k and d k represent the averages of the range and domain blocks r k and d k , respectively. Isometric mappings, 1 used by Jacquin, are not employed, and r n is represented by Lloyd-Max quantization 11 with seven bits. The bit allocation is performed by O " ien's parameter quantization. 6 For the proposed fractal coding based on the RIFS, the domain search block is limited to the nearest 15ϫ15 region, the center of which corresponds to that of the range block, and the search regions of other spectral images are chosen by the same method. To have the same compression ratio for each method, a 31ϫ31 search region was used for the IFS-based method and for Zhang and Pu's method.
Zhang and Pu's method, however, uses the common domain address information for the three color planes. Thus, the bit rate of Zhang and Pu's method is lower than that of the IFS-based and RIFS-based methods, Zhang and Pu's method having lower peak signal-to-noise ratio ͑PSNR͒. Each plane of RGB has the same resolution, whereas YC b C r has 4 : 2 : 0 resolution. Thus the position (x,y) of the Y spectral image corresponds to (x/2,y/2) of the C b and C r spectra. The possible domain blocks within the search region are used to select the best matching block, based on the sum of squared errors.
The performance of each method is compared in terms of the bit rate, PSNR, and average PSNR ͑APSNR͒. 12 The PSNR is defined by PSNRϭ10 log 10 N p ϫ255
where SE denotes the sum of squared errors of each component, and N p the number of pixels. Similarly, the APSNR is defined by
where TSE denotes the sum of SEs, and N c the number of color components. We use 8ϫ8 range blocks and 16ϫ16 domain blocks. The fractal coding methods based on the IFS and RIFS use gray patterns of an input image as the shape information; thus the exact gray value is not needed, and high quality of the domain pool is not critical for reliable fractal mapping. 7 The existence of similar patterns is more important than the quality of the domain pool. Thus, we simply subsample the image horizontally and vertically by a factor of two and use the average value of four pixels in generating the reduced domain pool. Table 1 shows the bit rate, PSNR, and APSNR of Zhang and Pu's method, the IFS-based method, and the proposed RIFS-based method for ''Lena'' and ''Barbara'' images with RGB and YC b C r color sets. In coding YC b C r color images, the C b and C r components are quantized by the same quantization table, because they show similar statistical characteristics in simulation analysis. The optimal bit allocation for YC b C r by considering priority of each spectral component is not computed. Thus Table 1 only shows the characteristics of the inter-and intramappings for RGB and YC b C r color sets under the same conditions. The ''Barbara'' image contains more detailed edges and random textures than the ''Lena'' image; thus the PSNR of the former is lower than that of the latter. The PSNR of the image reconstructed by Zhang and Pu's method at the lower bit rate is lower than that of the IFS-based method. The APSNR of the image reconstructed by Zhang and Pu's method is smaller by 0.21 ͑0.39͒ dB than that by the IFS for the RGB color set of the ''Lena'' ͑''Barbara''͒ image, but by 0.89 ͑0.61͒ dB for the YC b C r color set of the ''Lena'' ͑''Barbara''͒ image. Note that Zhang and Pu's method saves 0.1 bit/pixel compared with the IFS method. This vectorizing method shows the effectiveness for lower-bitrate coding compared with IFS-based and RIFS-based methods; however, it shows degraded image quality. The RIFS-based method shows the better image quality, whereas the vectorizing method shows the lower bit rate. The spectral redundancy is reduced in the YC b C r color space by coordinate transformation, so Zhang and Pu's method having the same domain address shows a higher APSNR decrease for the YC b C r color space than for the RGB color space.
Computer simulation shows that the APSNR of the RGB (YC b C r ) image reconstructed by the proposed RIFS-based method is larger than that by the IFS method, by 0.31 and 0.7 dB ͑0.32 and 0.54 dB͒ for the ''Lena'' and ''Barbara'' images, respectively, because the proposed method utilizes both inter-and intrasimilarity. The increment of the APSNR for the YC b C r color set is higher than that for the RGB color set.
In the RIFS, two additional bits are needed to represent the selected domain pool. Note that other methods use only the intrasimilarity; however, the RIFS-based method needs to search more domain pools than the IFS. With the same search region, the RIFS takes about three times longer than the IFS, because the RIFS searches three domain pools. The computation time can be reduced by parallel computation. Table 2 shows the percentage of the time that each component of the three spectra is selected as a domain pool. As shown in Table 2 , the three spectra are selected as domain pools with similar probabilities for RGB color images, which tells us that a multispectral image has the similarity not only within the image itself but also between spectra. For YC b C r color images, because the range pool of the chrominance components and the domain pool of the luminance spectrum have the same resolution, the luminance component ͑Y͒ spectrum is predominantly selected as a domain block for encoding the Y spectrum as well as the C b and C r spectra. Note that the domain pool is a geometrically reduced version of the original spectrum.
Conclusion
This paper proposes a RIFS-based fractal coding algorithm for color images. It utilizes both the inter-and intrasimilarity existing in multispectral images. Simulation results show that the proposed RIFS-based method performs better than the IFS-based method, in terms of the bit rate, PSNR, and APSNR. Further research will focus on extension of the proposed RIFS for efficient coding of moving sequences and subband images. Also, development of a computationally efficient algorithm for domain-pool selection and optimal bit allocation is to be investigated. 
